The effect of imposing a certain finiteness condition on the group of central automorphisms of a finite-by-nilpotent group is investigated. In particular it is shown that, if each central automorphism of a finite-by-nilpotent group G has finite order, then the factor group G/Z(C) has finite exponent.
Introduction
Many authors have investigated the structure of a group G when a certain finiteness condition is imposed on the automorphism group AutG of G. In particular Robinson ([10,12]) showed that, if the automorphism group AutG is Cernikov, then it is finite and the set of all elements of finite order of G is a finite subgroup. Also Pettet [7] studied groups whose automorphism groups are locally finite and satisfy the minimal condition on primary subgroups. The imposition of finiteness conditions on the ranks of the automorphism groups was considered by Robinson and the authors in [3] .
More recently there has been increasing interest in the structure of a group G for which the group of central automorphisms Aut c G satisfies some finiteness condition. Clearly, dealing with this type of problem, one has to require some nilpotency condition on the group G, since when the centre Z(G) is small, Aut c G is also small, but almost nothing can be said on the structure of G. In [2] finite-by-nilpotent groups G for which Aut c G is countable were studied, while nilpotent groups whose groups of central automorphisms have finite exponent were investigated in [1] .
Our main object here is to consider the behaviour of finite-by-nilpotent groups for which the groups of central automorphisms are periodic.
Theorem A. Let G be a finite-by-nilpotent group such that the group Aut c G is periodic. Then the factor group G/Z(G) has finite exponent.
In the situation of Theorem A, the torsion subgroup of G can be of infinite exponent. In fact there exists an abelian group whose torsion subgroup has infinite exponent and such that the automorphism group is a countable locally finite group of infinite exponent (see [15] ). However, when the group G is periodic, Theorem A has the following easy consequence (see also [1] ) . 191
Proof. Since Q is Cernikov-by-nilpotent, the last term N of the lower central series of Q is a Cernikov group and the factor group Q/N is nilpotent. Let R be the finite residual of N. As R/[R, Q] is contained in the centre of Q/ [_R, Q] and Q/R is finite-bynilpotent, it follows that also Q/[R,Q] is finite-by-nilpotent (see [ shows that Hi(Q/N,N ab ) has finite exponent. Moreover it is well-known that the Schur multiplicator M(N) of the Cernikov group N is finite (see [11] ), and hence by the Lyndon-Hochschild-Serre spectral sequence for homology it suffices to prove that the Schur multiplicator of the nilpotent group Q/N has no p°°-quotients. Therefore we may suppose that Q is nilpotent.
The abelian group Q ab has no p ro -sections, and hence it has finite torsion-free rank and its p-sections have finite exponent. Thus Q ab contains a finitely generated subgroup L such that Q ab /L is the direct product of a group of finite exponent and a periodic group without elements of order p. This property is inherited by tensor products and homomorphic images, so that in particular the Schur multiplicator M(Q ab ) has the same structure, and this proves the lemma when Q is abelian. Suppose that Q is not abelian, and let K be the last non-trivial term of the lower central series of Q. Then K is a homomorphic image of the tensor product of finitely many copies of Q ab . Application of Ganea's theorem to the central extension K>->Q-**Q/K gives an exact sequence (see [14, p. 105]). Since by induction the group M(Q/K) has no p^-quotients, it follows that M(Q) has no p°°-quotients.
• Our next result gives information on the centre of a group G with Aut c G periodic. It can be proved even for Cernikov-by-nilpotent groups. Suppose that Z,(Q) is periodic for some integer i^ 1. Let p be any prime such that the p-component of the abelian group Z,(<2)/Z,_i(Q) has infinite exponent; then it is well-known that also the p-component of C has infinite exponent (see [8 Part 1, p. 52]). Since the group Horn (Q ab , C) is periodic, it follows that Q ab has no quotients which are the direct product of cyclic p-groups of unbounded orders. Every basic subgroup of an abelian p-group is an endomorphic image (see [4, Vol. 1, p . 152]), and hence the group Q ab has no quotients which are reduced p-groups of infinite exponent. Therefore every homomorphism from Q ab into the p-component of the reduced group Z i {Q)/Z i _ l (Q) has finite order.
Let <p be any homomorphism from Q into Z^Qj/Z^^Q). Then Q/ker<p is a periodic abelian group whose primary components have finite exponent. The set of primes n(Q/ker(t>) is contained in 7i(Z,(Q)/Z,_^g)) and so also in n(C). But Hom(Q ab ,C) is periodic, and this forces 7r(Q/ker$) to be finite. Therefore Q/ker(f> has finite exponent, and hence the homomorphism group Wom{Q ab ,
Thus the finite-by-nilpotent group Q is periodic.
Let N be a finite normal subgroup of Q with nilpotent factor group Q/N, and assume that the Sylow p-subgroup P of Q/N has infinite exponent, for some prime p. Then clearly also the p-component of C has infinite exponent. Let B be a basic subgroup of the abelian p-group P ab . Then B is a homomorphic image of P ab and hence of Q, so that Hom(B, C) is isomorphic with a subgroup of Aut c G, and so is periodic. Since B is the direct product of cyclic p-groups, it follows that B has finite exponent, and hence P ab = BxL, where L is radicable. Thus F has finite exponent (see [8, Part 1, p. 55]). As P is reduced, P ab is also reduced and so has finite exponent. This contradiction shows that every Sylow subgroup of Q has finite exponent.
Since Horn (Q/NQ', C) is periodic, the set n(Q) n n{C) is finite. But n(Q)\n(C) is also finite, as G is finite-by-nilpotent. Therefore n(Q) is finite and Q has finite exponent.
• It should be noted that, if G is either hypercentral or Cernikov-by-nilpotent and Aut c G is periodic, the central factor group G/Z(G) can be even non-periodic. In fact, let a # 1 be a p-adic integer such that a = 1 (mod p) (and a = 1 (mod 4) if p = 2), and put G = <a> K Z(p°°). Then G is a hypercentral Cernikov-by-abelian group and Z(G) is finite, so that also Aut c G is finite, but G/Z(G) is not periodic. Note also that the automorphism group AutG is not periodic.
Proof of the Corollary. Let C = Z(G) and Q = G/C. From Theorem A it follows that Q has finite exponent and so, by the Universal Coefficients Theorem, H 2 (Q, C) also has finite exponent e. Assume that the p-component C p of C has infinite exponent for some prime p. If a # 0 is a p-adic integer such that a = 0(modp) (and a = 0(mod4) if p = 2), the position
defines an automorphism x of C of infinite order which can be extended to a central automorphism f of G. This contradiction shows that every primary component of C has finite exponent.
If n = n(C)\n(Q), we have that G = C n xK. Then AutC, is periodic, and hence n must be finite. Therefore also n(C) is finite, and G has finite exponent.
• If the condition of being periodic is imposed on the full automorphism group AutG, then all these results can be stated for Cernikov-by-nilpotent groups. In fact we have the following.
Proposition 2.3. Let G be a Cernikov-by-nilpotent group such that the group AutG is peiodic. Then G is finite-by-nilpotent.
Proof. Let N be a Cernikov normal subgroup of G with nilpotent factor group G/N, and let R be the finite residual of N. Assume that R^ 1, and let p be a prime such that the p-component P of R is not trivial. By Proposition 2.2 the centre C -Z(G) is reduced and so PnC is finite. Therefore H°(G/R,P) is finite, and hence H 2 (G/R,P) has finite exponent (see [6] ). Clearly H 1 {R/P,P) = H 2 {R/P,P) = 0, and so from the LyndonHochschild-Serre spectral sequence for cohomology it follows that the group H 2 (G/P, P) has finite exponent. Let e be the order of the cohomology class A of the extension P->->G-»G/P, and let a / 0 be a p-adic integer such that a = 0(modp) (and <xs0(mod4) if p = 2). The position
ixeP)
defines an automorphism of infinite order T of P, and At !)t = A. Therefore x can be extended to an automorphism of infinite order f of G, which acts trivially on G/P. This contradiction shows that R = 1 and G is finite-by-nilpotent. D
In [1] , Theorem D, an example is given of a hypercentral p-group G such that Aut c G has exponent p and Z(G) is a reduced group of infinite exponent. In the following we will construct a hypercentral 2-group G such that Aut c G has exponent 2 and Z(G) is not reduced. In particular this shows that Proposition 2.2 does not hold for hypercentral groups.
• If x is the inversion on Q, then x acts trivially on Q ® Q and so also on M(Q). Therefore x is induced by an automorphism x of G o acting as the identity on C. Then x 2 = l and so the semidirect product G = {x}tx.G 0 is a hypercentral 2-group such that C = Z(G). For each neN let «" and u n be elements of G o such that u n C = u n and u n C = iJ n . Then G' = <« 2 ,i^|neN>gC and so G/G' has exponent 2. The group Aut c G acts trivially on G' and so also on C; thus Aut c G ^ Horn (G fl6 ,C) is an infinite elementary abelian 2-group. • • [13] ) and so also G' is periodic. Clearly G ab = AG'/G'xK/G' and so G = AK = AxK, as A n K = A n G'= 1. It follows that the non-periodic group AuM can be embedded in Aut c G. This contradiction proves that C does not contain copies of <Q>( + ).
Remark. If G is a hypercentral group such that Aut c G is periodic, then Z(G) does not contain any copy of the additive group of rational numbers. In fact, assume that C = Z(G) contains a subgroup A isomorphic with Q( + ). Since Horn (G/G'C,C) is periodic, the group G/G'C has no torsion-free quotients and so is periodic. Then the hypercentral group G/C is periodic (see

Proof of Theorem B
The next lemma is the main tool in the proof of Theorem B(b).
Lemma 3.1. Let G be a group and let C = Z(G), Q = G/C, T = torC and C = C/T. If the group A of all automorphisms of C induced by automorphisms of G acting trivially on Q and T is periodic, then A has finite exponent dividing 12. Moreover every involution of A is central, and so A is locally finite.
Proof. Let 6 be any element of A and let T be an automorphism of G acting trivially on Q and T and inducing 0 on C. Write f for the automorphism induced by x on C. Suppose first that 6 has order n = p* > 3, where p is an odd prime. If then <j> is an automorphism of C, its inverse being 0 2 -6* + 0 6 + Q"~l if n=l(mod4) and 6 3 -0 s + 0 1 + 6" if n = -1 (mod 4). Moreover f acts trivially on T and so \\i acts trivially on T Since \p induces </ > on C, it follows that ip is an automorphism of C. If A is the cohomology class of the central extension C>-*G-^Q, we have that Af 1|t = A and so also Aip^ = A. Therefore \p can be extended to an automorphism £ of G acting trivially on Q and T. But ^ acts on C as <f>, and so </> belongs to A. This is impossible as <$> has infinite order (see [4, Vol. 2, p. 268]). Suppose now that 6 has order 8. If
•6
4 )(l+6 -9 3 ) and i/f = l then <f) is an automorphism of C, its inverse being 1 +(1 -# 4 )(1 -6 + 0 3 ). As above we get a contradiction. Therefore A has finite exponent dividing 12.
Let a and /? be elements of A such that a 2 = 1. Then there exist automorphisms y and S of G, acting trivially on Q and T, which induce a and p\ respectively. Consider the restrictions y and J of y and 3 to C, and put and X=(l +y)5(l -y), /2 = ( lThus / 2 = ^2 = 0, and so 1 +A and 1 +/i are automorphisms of C. Since 1 +X and 1+/I act trivially on T, it follows that they are automorphisms of C. But Aj^. = A£", = A and so Al^ = A/i^ = 0. This proves that 1 +1 and 1 +/2 can be extended to automorphisms of G acting trivially on Q and T. Therefore \+l and l+/x belong to A and so there exists a positive integer n such that (1 +A)" = (1 +/*)"= 1. Since C is torsion-free and A 2 = ^2 = 0 , it follows that X = n = 0. Hence 0 = I -/i = 2(a/3 -0a), so that aj? = 0a and aeZ(A). Thus A/Z(A) has exponent dividing 6, and then is locally finite by the positive solution of the Burnside problem for exponent 6 (see [5] ). It follows that also A is locally finite.
•
Proof of Theorem B. (a) Write C = Z(G) and Q = G/C.
The group Q has finite exponent by Theorem A, and so also the commutator subgroup G' has finite exponent. Assume that the p-component C p of C is infinite. Since C is reduced by Proposition 2.2, the socle S of C p is also infinite, and then S = Sj x S 2 , where S, and S 2 are both infinite. (b) From the proof of (a) it follows that C and Q have finite Sylow p-subgroups for every prime p. In particular Q is finite, since it has finite exponent. Assume that the set of primes n(C)\n(Q) contains infinitely many elements p B (neN). Since every C p . is a finite central subgroup of G, it follows easily that, for every positive integer n,
Let a n be the central automorphism of G acting trivially on K n and as the inversion on C PI x -x C , , . Then <a n |neN> is an infinite elementary abelian 2-group. This contradiction shows that n(C) is finite and hence the torsion subgroup T of C is finite.
Write F = Aut c G, r 1 = C r (T) and r 2 = C r ,(C/T). Then clearly r/T t is finite, and from Lemma 3.1 it follows that F J / F J is a locally finite group with finite exponent. If F 3 = C r2 (C), then r 2 / r 3 is isomorphic with a subgroup of Hom(C/T,T) and F 3 is isomorphic with a subgroup of Hom(G/G'C, C). Therefore r 2 / r 3 and F 3 are abelian groups of finite exponent. Then Aut c G is a locally finite group with finite exponent, and so its abelian subgroups are finite. The Hall-Kulatilaka-Kargapolov theorem (see [8, Part 1, p. 95]) proves now that Aut c G is finite. Since Aut c G = C AulG (0 and Q is finite, it follows that AutG is also finite.
• The last part of this section concerns with groups for which the group of central automorphisms is Cernikov.
Proposition 3.2. Let G be a periodic hypercentral group such that Aut c G is a Cernikov group. Then Aut c G is finite.
Proof. Since G = Dr peit(G) G p , we have also that Aut c Gi:Cr pen(G) Aut c G p . But Aut c G p is non-trivial if p is an odd prime in n{G), and hence the set n{G) is finite. Thus we may suppose that G is a p-group. Write C = Z(G) and Q = G/C. If Q has no quotients of order p, then Q ab is radicable and so the hypercentral p-group Q is abelian (see [8, Part 2, p. 125] ). Therefore G is nilpotent, and in this case the result follows from Theorem B(b). Thus we may suppose that Q has a quotient of order p. As G is periodic, the homomorphism group Hom((? ab ,C) is reduced (see [4, Vol. 1, p. 193] ) and so finite, since it is isomorphic with a subgroup of Aut c G. It follows that C is a Cernikov group, and so Aut c G/C AulcG (C) is finite (see [8, Part 1, p. 85] ). Moreover C AutcG (C)=: Horn (Q ab ,C) is finite and so Aut c G is also finite.
• Note that, if G is a periodic hypercentral group such that Aut c G is Cernikov, the automorphism group AutG can be infinite, as the consideration of the locally dihedral 2-group shows.
In [12] it was proved that an infinite Cernikov group cannot be the group of all automorphisms of a group. The following example shows that the situation is different for the group of central automorphisms.
Example. There exists a soluble group G such that Aut c G is an infinite abelian group satisfying the minimal condition. (G ab ,B) , and hence it is an infinite abelian gropup satisfying the minimal condition.
In the above example the centre Z(G) of G is a Cernikov group. Our next result shows in particular that this situation cannot occur for periodic groups. (b) As C is finite, the factor group Aut c G/C AutcG (C) is also finite. Moreover C AulcG (C) is isomorphic with a subgroup of Hom(Q a i , C) and so has finite exponent. Thus C AutcC (C) is finite, and also Aut c G is finite.
(c) Since Aut c G = C A u l C (0, the factor group AutG/Aut c G is finite. Hence AutG is a Cernikov group, and so is finite by a result of Robinson (see [12] ).
The maximal condition on abelian subgroups
As was already noted in Section 2, there exist artinian-by-nilpotent groups G for which Aut c G satisfies the minimal condition on abelian subgroups, but AutG is even non-periodic. In the dual situation, dealing with the maximal condition, the structure of Aut c G is inherited by AutG.
• Proof. Write C = Z(G) and Q = G/C. The centre Z(Q) is isomorphic with an abelian subgroup of Aut c G, and so is finitely generated. Suppose that Z t {Q) is finitely generated for some positive integer i, and put A i = Z i (Q)/Z i _ l (Q) . If p is a prime divisor of the order of the torsion subgroup T t of A h then C contains elements of order p (see [8 has an infinite cyclic factor, and hence C~H o m ( Z , C) is isomorphic with a subgroup of Aut c G, and so is finitely generated. Since A t is not periodic, it follows that also C is not periodic, so that Wom(Q ab , Z) can be embedded in Aut c G. Thus Hom(Q a6 , Z) is finitely generated. But Wom(Q ab , AJT;) is isomorphic with the direct sum of finitely many copies of Hom(Q ai ,,Z), and so is finitely generated. This shows that Hom(Q ab ,Ai) is finitely generated. As Z i+l (Q)/Z,{Q) can be embedded in Hom{Q ab , A-X it follows that Z, + 1 ( 0 is also finitely generated.
By hypothesis Q is polycyclic-by-finite-by-nilpotent, and hence there exists a positive integer n such that Q/Z n {Q) is polycyclic-by-finite (see [8, Part 1, p . 119]). Since Z n (Q) is finitely generated, it follows that Q is polycyclic-by-finite. The factor group AutG/Aut c G is isomorphic with a subgroup of AutQ, and so its abelian subgroups are finitely generated (see [8, Part 1, p. 82] ). Therefore AutG satisfies the maximal condition on abelian subgroups. Finally the Sylow subgroups of G are finite by Theorem 1 (b) of [3] .
In the hypotheses of Theorem 4.1, the group G can have infinite periodic subgroups. In fact in [3, Theorem 3 (ii)], there was constructed a group G such that AutG is polycyclic (and so in particular G is polycyclic-by-abelian), but G contains an infinite abelian periodic subgroup.
